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In this paper, we present a sufliclent condltlon to ensure that if the zero solution 
of a hnear differential equation IS umform-asymptotically stable. then the zero 
solution of its perturbed linear differential equation 1s also umform-asymptotxally 
stable. Our theorem is a generalization of Perron’s celebrated theorem and 1s 
proved by the comparison theorem of Integral mequahties. 1 1990 Academic Press. lni 
1. INTRODUCTION 
The qualitative investigation of solutions of linear differential equations 
and their perturbed linear differential equations plays a very important role 
for handling various problems on mechanical, electronic, control engineer- 
ing. or economic, and other practical problems. Thus a number of authors 
have been studying many problems concerned with them and presenting 
numerous properties. 
Among such properties, the following Perron’s theorem is one of the 
most famous theorems. 
THEOREM A. Let the perturbed linear dijyerential equation (A ) : d.y/dt = 
24( t).u +f( t, X) satislj the following conditions: 
(a 1 A(t) is continuous and bounded on 0 d t < #x1 
(b) f(t,.u) is continuous on [0, CG)X B,, f(t,O)=O. 
(C) l/.f(t, .x)11 = o( ~1.~11) un$ormlJ~ in t. 
!f the zero solution of the linear differential equation dx/dt = A( t)s 1.~ 
uniform-asymptotical& stable, then the zero solution of (A) is also uniform- 
asymptotically, stable. 
In a sense, it is natural that, for stable linear differential equations, the 
perturbed linear differential equations by very small perturbations are also 
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stable. However, when linear differential equations are considered, if large 
perturbations would be given, are their perturbed differential equations 
stable? It is a very important and interesting problem under what 
conditions the stability is ensured. 
The purpose of this paper is to give an answer for this question and to 
generalize the above Theorem A by the variation-of-constants formula and 
the comparison theorem of integral inequalities. 
2. PRELIMINARIES 
Let R” and R+ be the n-dimensional Euclidian space and the set of all 
non-negative real numbers, respectively. C[X, Y] denotes the set of all 
continuous mappings from a topological space X to a topological space Y. 
Set B, = {.YE R” 1 llxll <S} f or a positive real number 6 where 11. II denotes 
a usual norm. Let A(t) be a continuous n x n matrix defined on [0, co) and 
let f(t, x) E C[ [0, co) x R”, R”]. 
Consider a linear differential equation 
d.x/dt = A(t)x (1) 
and a perturbed differential equation of (1) 
dx/dt = A(t)x +f(r, x). (2) 
Let u(t) be the fundamental matrix solution of (1). Then the solution 
x(t) of (2) satisfies the integral equation 
x(t) = U(t) U-‘(t,) x(r,) + s’ U(r) U-‘(s)f(s, x(s)) ds, t> t,. 
f0 
Now we give stability definition of the zero solution of a differential 
equation 
dyldt = g(t, Y), (3) 
where ge C[ [0, co) x R”, R”]. Let y(t) = y(t; to, yO) denote a solution of 
(3) with an initial value (t,, y,). 
DEFINITION 1. The ‘zero solution of (3) is said to be 
(S) stable if for any E >O and any t, 20, there exists a s(t,, E) >O 
such that if (I y(to)ll <6(t,, E), then IIy(t; t,, y,,)ll <E for all t> t,, 
(US) uniformly stable if the a(~,, E) in (S) is independent of time t,, 
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(QEAS) quasi-equiasymptotically stable if for any E > 0 and any 
t,>O, there exist a s(t,)>O and a T(t,, s)>O such that if li.r(to)ll <S(r,,), 
then 11 y(t; to, ~‘~)ll < E for all t > t, + T(to, E), 
(QUAS) quasi-uniform-asymptotically stable if the S( t,,) and the 
T(to, E) in (QEAS) are independent of time f,,, 
(UAS) uniformly asymptotically stable if it is uniformly stable and is 
quasi-uniform-asymptotically stable. 
Next we give boundedness definition of solutions of (3 ). 
DEFINITION 2. The solutions of (3) are said to be 
(B) equibounded if for any p > 0 and any t, ~0, there exists a 
j?(t,, p)>O such that if il~(t~)ll <p, then //.r(r; t,,, .rO)ll <fl(t”,~) for all 
t>, t,, 
( UB ) uniformly bounded if the p( t,. p ) in ( B ) is independent of time 
fo. 
(EUB) equiultimately bounded if there exists a B > 0, and for any 
p > 0 and any to $0, there exists a T(t,, p ) > 0 such that if /I )I( t,,) I( < 11. 
then II .r(t; to, ~‘~)ll < B for all t 3 to + T(t,, p ), 
(UUB) uniform-ultimately bounded if the T(r,,. 0) in (EUB) IS 
independent of time to. 
At the end of this section, we present a lemma for integral inequalities 
This lemma is a key lemma for our theorems. 
LEMMA 1 [ 15, p. 3 1.51. Let the following condition (A) or (B) hold jar 
,functionsf‘(r),g(t)EC[[t,, GCI),R+] andF(t.u)EC[[t,,, rr)xR+, R+]: 
(A) .f‘(t)-S:,F(s,f(s))dsdg(t)-S:oF(S,g(.sI)ds.t3to and F(.r,u) 
is strictlJ3 increasing in u for each fixed s >, 0, 
(B) f(t)-S:,F(s,f(s))ds<g(t)-S:,F(s.g(s))ds, t>,t, and F(s,u) 
is monotone nondecreasing in u for each jked s >, 0. 
If.tlto)< g(t,), then f(t)< g(t), rat,. 
3. STABILITY THEOREMS 
In this section we discuss the stability of the zero solution of the differen- 
tial equation (2) and throughout this section assume that f (1, 0) z 0. Let 
Bi denote the set {u E R+ I 0 < u < 6 ). To begin with, the following 
theorem is proved. 
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THEOREM 1. Let the following conditions hold for the differential 
equation (2): 
(la) Ilf(t, x)ll 6F(t, I/XII), F(t, 0)-O, and F(t, u) is monotone non- 
decreasing with respect o u for each fixed t B 0, 
(lb) F(t,u)ECCCO,oO)xBgt,R+l, 
(lc) the zero solution of the differential equation (1) is uniformly 
stable, that is, there exists a constant K>, 1 such that II U(t) U-‘(s)/l d K, 
t>sao. 
If the zero solution of the differential equation 
dy/dt = KF( t, y) (4) 
is uniformly stable (stable, untform-asymptotically stable), then the zero solu- 
tion of (2) is also untformly stable (stable, untform-asymptotically stable). 
Proof Let x(t) =x(t; t,, xi) be a solution of (2) with an initial value 
(t,, x,), t, 30. Then the solution x(t) is of the form 
x(t) = U(t) U-‘(t,) x, + j-’ U(t) U-‘(s) f(s, x(s)) ds. 
11 
(5) 
Thus we obtain from conditions (lc) and (la) that 
ilx(t)il <K llxlll +I’ K Ilfb, -G))ll ds 
11 
d K llxlll + j’ Wsv Ilxb)ll) ds. 
11 
Next let y(t) = (t; t,, y,) be the solution of (4) passing through (t,, y,) and 
let K jlxill < y,. Then 
lb(t)11 -jr Ws, Ilx(s)ll) ds < y(t) - j’ KF(s, y(s)) ds. 
11 11 
Therefore applying Lemma 1, we obtain that 
Ilx(t)ll < y(t), t> t,. 
Since the zero solution of (4) is uniformly stable, for any E > 0 there exists 
a 6i(s)>O such that if lyil <8,(s), then Iy(t)l <E for all tat,. Thus 
set 8(s) = B1(e)/K. If /lx(t,)ll <8(s), then take a y, >O such that 
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K Ij.x,// < y, < IJ~(E), Therefore we have that jI.~(t)Jj <r-: for all t 3 t,, which 
completes the proof of the theorem. 
As the corollary, the following well-known property is proved 
COROLLARY 1. Let the following conditions hold for the dtfferential 
equation (2 ): 
( ld 1 ll.f(t, .xu)ll G41) II-~//, 
(le) a(s) E C[[O, x8), R+] und there e.Csts u positive constant A4 
such that 1; u(s) ds < M. 
If‘ condition (lc) holds, then the zero solution of (2) is uniformly stable. 
Prooj: Set F(t, U) E u(t)u, u > 0. First of all, we show that the zero 
solution of the differential equation 
<v/dt = Ka( t)? (6) 
is uniformly stable. Let y(t) E ~(t; t,, y,), t 3 t, 3 0 be a solution of (6) 
passing through (t,, J,). Then we obtain that 
y(t)< y(t,) ek”‘, 
which implies that the zero solution of (6) is uniformly stable. Therefore 
since conditions (la), (lb), and (lc) of Theorem 1 are satisfied, the zero 
solution of (2) is uniformly stable. 
Here we give the following new stability definition: 
DEFINITION 3. Let an m > 0 denote a positive real number. The zero 
solution of the differential equation (3) is said to be T(m)-asymptotically 
stable if for any t, > 0 and any E > 0, there exrst a 7J t,. E) > 0 and a 
6,)( t,) > 0 such that 
II .dt) e ~m”+‘l)ll <E, t>t,+T(t,,~)provided /l.r(t,)ll <&Jr,). 
The zero solution of (3) is said to be T(m)-uniform-asymptotically stable 
if the above T( t, , E) and a,( t , ) are independent of time r 1 
LEMMA 2. Zf the zero solution of (3) is uniformly stable, then it is T(m)- 
Mform-asymptotically stable. 
Proof. Let a B > 0 be any fixed positive real number. By the assump- 
tion of the lemma there exists a 6(B) > 0 such that if /I .v( t, )I1 < 6(B), then 
// J( t)ll < B for all t L t,. Thus let any E > 0 be given. We may assume 
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that E-C B. Set T(E)= (l/m) log(B/s). Hence, if (1 ~$t,)ll <6(B), then 
IIy(t) ,?=(‘-“)I1 <E, t > t, + T(E), which completes the proof of the lemma. 
LEMMA 3. If the solutions of (3) are untformly bounded, then the zero 
solution of (3) is T(m)-untform-asymptotically stable. 
Proof Let a B> 0 be any fixed positive real number. By the assump- 
tion of the lemma, there exists a /II(B) > 0 such that if /I y(t,)ll < B, then 
II y(t)11 <B(B) for all t 2 t,. Thus let any E> 0 be given. We assume 
that E < B. Set T(E)= (l/m) log(B/s). Hence, if IIy(t,)ll <6(B), then 
11 y(t) eC”“- “)I1 < E, t 2 t, + T(E), which completes the proof of the lemma. 
LEMMA 4. If the zero solution of (3) is stable or if the solutions of (3) are 
equibounded, then the zero solution of (3) is T(m)-asymptotically stable. 
LEMMA 5. If the zero solution of (3) is quasi-uniform-asymptotically 
stable, then it is T(m )-untform-asymptotically stable. 
Proof: Let a B> 0 be any fixed positive real number. By the assump- 
tion of the lemma, there exist a 6, and a T,,(B) > 0 such that if 
II y(tl)ll -C 6,, then II y(t)11 <B for all t 3 t, + T,(B). Thus let any E > 0 be 
given. We assume E < B. Set T(E) E T,(B) + (l/m) log(B/s). Hence if 
II y(tI)ll <do, then II y(t) e-m(‘-l”lI < E, t 3 t, + T(E), which completes the 
proof of the lemma. 
LEMMA 6. Zf the solutions of (3) are untform-ultimately bounded, then 
the zero solution of (3) is T(m)-untform-asymptotically stable. 
LEMMA 7. Zf the zero solution of (3) is quasi-equiasymptotically stable or 
if the solutions of (3) are equiultimately bounded, then the zero solution of 
(3) is T(m)-asymptotically stable. 
Next we discuss the quasi-equiasymptotic stability of the zero solution of 
the differential equation (2). 
THEOREM 2. Let conditions (la) and (lb) hold for the differential 
equation (2). Furthermore suppose that the following conditions are satisfied: 
(2a) the zero solution of the differential equation (1) is uniformly 
asymptotically stable, that is, there exist constants K > 1 and m > 0 such that 
IIU(t)U-‘(s)ll < Ke-““-“‘, 0~s~ t, 
(2b) uF(s, u) < F(s, ctu) for any real number c( > 1 and any u E R+, 
Zf the zero solution of (4) is T(m)-asymptotically stable, then the zero solu- 
tion of (2) is quasi-equiasymptotically stable. 
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Proojl Let any E > 0 and any t, B 0 be given and let x(t) E x( t; t,. X, ) 
and ~(t)=~(t; t,, ~1~) be solutions of (2) and (4) respectively. By the 
assumption of the theorem, there exist a T( t,, E) > 0 and a &(t, ) > 0 such 
that I~(t)e~““~ ‘I’\ <~forallt>t,+T(t,,~)provided \~,1<6,,(r,). From 
(2a), we obtain that (5 ), conditions ( la) and 
ll.u( t)ll 6 Ke “’ 
Thus by condition (2b), 
/(s(f)\/ e”“< Ke”‘(“’ (Ix, 1) + 1’ KF(s. \ls(s)ll e”“) d.s. 17) 
fl 
Let Ke”““’ l/s, /I < ~9,. Then, we have that 
lMt)ll em’- I ’ fW.c II-$.s)ll en”) ds < y(t) fl 
- c ’ KF(s, y(s)) d.\. 11 
Hence by Lemma 1, ll.u(t)lI en” <J’(L), that is, Ii.u(t)l~ <me ~“I’ for all 
t> t,. Now set 6(t,)=G,(t,)/(Ke”“). Thus if lI.u(t,)ll c&t,), then take a 
?‘I > 0 such that Kem”l’ I/.X, /( < y, -C 6,( t , ). Therefore, we obtain that 
lIx(f)ll < y(t) e m”rr< y(t) ep”‘I’ ‘I’< i:, t>t,+T(t,,c), 
which completes the proof of the theorem. 
COROLLARY 2.1. Let conditions (la), ( 1 b), (2a), und (2b) hold ,for the 
differential equation (2). If the zero solution of (4) IS stable or quasi- 
equiasymptoticall~~ stable, or ij‘ the solutions of (4) are equibounded or 
equiultimatel?~ bounded, then the zero solution of (2) is quasi-equiasymptoti- 
callow stable. 
Proqf: By Lemma 4 or 7, the zero solution of (2) is T(m)-asymptoti- 
tally stable. Thus by Theorem 2, the proof is complete. 
THEOREM 3. Let conditions (la), (lb), und (2a) be suti~fied jar the 
dtfferential equation (2) and let the following condition hold: 
(3a) cxF( t, u) = F( t, au) for any real number x > 1 und uny u E R’ 
If the zero solution of (4) is T(m)-uniform-as~,rnptoticall~, stable, then the 
zero solution qf (2) is quasi-uniform-as~~mptoticall~~ .stahle. 
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ProoJ Let x(t)=x(t; t,,x,) and y(t)- y(t; t,, y,) be solutions of (2) 
and (4), respectively. From condition (3a), 
y(t) e m(Q) = y* eml’l’ + j’ KF(s, emCt”y(s)) ds. 
(1 
Let K llxill < y,. Then from (7) we obtain that 
- s ’ KF(s, y(s) emCrl)) ds. ll 
Therefore by Lemma 1, Ilx(t)ll em’< y(t) e”“, that is, Ilx(t)ll < y(t) e-m(r-rl) 
for all t > t,. Let any E >O be given. Then by the assumption, there exist 
a 6,>0 and a T(e)>0 such that if Iyi( < 6,, then Iv(t) ePm(r-tl)l <E for 
all t3 1, + T(E). Thus set 6 =6,/K. If \lxiIj < 6, then take a y, >O such that 
K [ix, 11 < y1 < 6,. Therefore, 
Ilx(t)ll < y(t)e-““p’l’<~, t 3 t, + T(E), 
which completes the proof of the theorem. 
As the corollaries of Theorem 3, we prove the following well known 
properties. 
COROLLARY 3.1. Let the following conditions hold for the diffPreniia/ 
equation (2): 
(IdI IPIt. XIII da(t) Ilxll, 
(le) a(t)EL’([O, co),R+)nC[[O, co),R+]. 
If the zero solution of (1) is un$orm-asymptotically stable, fhen the zero 
solution of (2) is also uniform-asymptotically stable. 
Proof: Set F(t, U) - a( t)u, u 2 0. Then conditions (la), (lb), (2a), and 
(3a) are satisfied. First of all, the zero solution of (2) is uniformly stable 
by Corollary 1. Next, since the zero solution of (4) is uniformly stable, 
by Lemma 2, it is T(m)-uniform-asymptotically stable. Therefore by 
Theorem 3, the zero solution of (2) is quasi-uniform-asymptotically stable, 
which completes the proof of the corollary. 
COROLLARY 3.2. Let the following condition hold for the dgferential 
equation (2): 
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(2d) there exist a sufficiently small L > 0 and a o > 0 such that 
Ilf(4 -x)ll e L llxll for an?’ x E B,,. 
Zf the zero solution of (1) is uniform-asymptoticalljs stable, then the zero 
solution of (2) is also uniform-asymptotically stable. 
Proof SetF(t,u)-Lu,u~O.Thesolution~(t)=r’(t;t,,1‘1)of(4)isof 
the form y1 eKLCt -‘I’. Since conditions (la), (lb), (2a), and (3a) of 
Theorem 3 are satisfied, first of all we show that the zero solution of (4) 
is T(m)-uniform-asymptotically stable. Since L is sufficiently small, we may 
assume that KL < m. Let a 6 > 0 be any fixed real number and let any r-: > 0 
be given. We may assume that E < 6. Set T(E) = [l/(KL - m)] log(Cd ). 
Thus if Iy,l ~6, then 
y(t) e- m’r-r”<&, t>,tl+T(&). 
which implies that the zero solution of (4) is T(m)-uniform-asymptotically 
stable. Therefore by Theorem 3, the zero solution of (2) is quasi-uniform- 
asymptotically stable. Next, let x(t) G x(t; t, , 4,) be a solution of (2) and 
let K 11.~~ I/ < y,. Then from the proof of Theorem 3. we obtain that 
llx(t)ll < \,(t),-W-Q)= ?‘, ,(Kl. M-‘1,, tat,. 
Now since KL-m<O, IIx(t)ll<yle’KL~““(‘~“‘<?.,. tat,. Thus for any 
E > 0, set J(E) = E/K. If llxr/I <B(E), then take a J’~ >O such that 
KlIx,lI < y1 <E. Thus Ilx(t)ll <E, which implies that the zero solution of (2) 
is uniform-stable. Therefore the zero solution of (2) is uniform-asymptoti- 
cally stable. Hence the proof is complete. 
Next we prove asymptotic stability properties. Asymptotic stability 
definition is given as follows. 
DEFINITION 4. The zero solution of the differential equation (3 ) is said 
to be 
(AS) asymptotically stable if the zero solution of (3) is stable and 
for any E > 0 and any to > 0, there exist a @to) > 0 and a T = 
T(E, to, x(t; t,, x0)) >O such that if il.~~ll <d(t,), then iix(t)ll <F for all 
t>,t,+ T. 
PROPOSITION 1. Suppose that conditions (2a) and (2d) hold .for the 
differential equation 
d+x/dt = A( t)x + h( t, x) + f( t, x), (8) 
where f(t, x), h(t, X)E C[[O. co) x B,, R”], 
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(2e) Ilh(t,x)ll<l(t) for (t,x)~[O,co)xB, andfor any E>O, there 
exists a T(E) > 0 such that 
s f emsi ds < E for t 2 T(E). T(E) 
Then Ilx(t)ll +O, us t + co. 
Furthermore, if the zero solution of (8) is stable, then the zero solution of 
(8) is asymptotically stable. 
Proof: Since conditions (2a) and (2d) hold for (8) and moreover 
x(t)= U(t) U-‘(T)x(T) 
+ j: f-J(t) U-‘(SW4 s, x(s)) +f(s, x(s))) ds, 
we obtain that for t > Ta 0, 
[lx(t)11 emt < KemT Ilx(T)ll + 1: K4s) ems ds + i ’ KLe”” Ilx(s)ll ds. 
T 
Since condition (2e) holds, for a sufficiently large T> 0 there exists an 
A4 > 0 such that sk KA(s) ems ds < M. Let KemT [1x( T)I/ + M < yl. Then, 
lIx(t)ll emr - 1’ KLems Ilx(s)ll ds < y(t) - 1’ KLy(s) ds. 
T T 
By Lemma 1, we obtain that Ilx(t)ll <y(t) e-“‘< y, e(KL--m)(‘-TT), which 
completes the proof of the corollary since KL - m < 0. 
THEOREM 4. Let conditions (la), (lb), and (lc) hold for the differential 
equation (2). Zf the zero solution of the differential equation (4) is stable and 
moreover, 
(4a) U(t)+0 as t+ co, 
then the zero solution of (2) is asymptotically stable. 
Proof Let x(t)=x(t; tl, x1) and y(t)= y(t; tI, y,) be solutions of (2) 
and (4), respectively. Since the zero solution of (4) is stable, for any fixed 
B> 0 and any t, >O, there exists a 6(B, tI) > 0 such that if / y(t,)l < 
6(B, tl), then I y(t)1 <B for all t 3 t,. Set 6(t,) - 6(B, t,)/K. If Ilx(tI)ll < 
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&t,), then take a yr>O such that KIlx,/l<.r,<6(B,r,). From the proof 
of Theorem 1, we have that /l.u( ?)I[ < y(t) for all t > t, . Thus, 
S(B.t,)+B>l~,l+l?~(t)l~/“KF(s,~(.F))d.\ d ii 
which implies that for any E > 0, there exists a TS T(E, t,, s( t: t,, x, )) > 0 
such that E > s> KR’(s, li.u(s)ll )ds for all t > T. Thus we obtain that from (5 ) 
and condition (la), 
+ s ’ KF(s, llx(s~ll 1 ds, T 
which implies that llx(t)ll + 0 as t -+ cc by condition (4a). Now by 
Theorem 1, the zero solution of (2) is stable. Therefore the proof of the 
theorem is complete. 
COROLLARY 4. Let conditions (lc), (Id), and ( le) hold for the difjkw- 
tial equation (2). Zf condition (4a) holds, therl the zero solution of’ (2) is 
as?~mptoticall?~ stable. 
Finally we discuss the quasi-equiasymptotic stability of the zero solution 
of the perturbed differential equation of a periodic linear differential 
equation. 
COROLLARY 2.2. Let conditions (la), (lb). and (2b) hold. Furthermore 
the .follo#ing conditions are satisfied: 
(5a) .4(t)=A(t+w), t>O, bvhere an w (r0) is uperiod ofA( 
(5b) all solutions of the differential equation (1 ) converge to zero as 
t+‘x%. 
Jf the zero solution of (4) is T(m)-asvmptotically stable, then the zero solu- 
tion of the differential equation (2) is quasi-equiasymptoticall~’ stable. 
ProoJ: Let U(t) be a fundamental solution matrix of ( 1). By condition 
(5a). using Floquet’s theorem, we have a non-singular continuous 
w-periodic n x n matrix V(t) and a constant n x n matrix B such that 
U(t)= V(t)e”, r>O. From (5b), IlerEII -+ 0 as t -+ CG, which implies that 
there exist suitable positive real numbers x > 0 and p > 0 such that l!erBl/ d
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ae -Br. Since there exists a y > 0 such that )I V(t) 11, 11 V- l(t) )I < y for all t > 0, 
we have an m > 0 and a K >, 1 such that 
Therefore since all conditions of Theorem 2 are satisfied, the proof of the 
theorem is complete. 
As corollary of this property, we present the following property 
CL P. 861. 
COROLLARY 2.3. Suppose that conditions (2d), (5a), and (5b) hold for 
the differential equation (2). Then the zero solution of the differential 
equation (2) is uniform-asymptotically stable. 
Proof. From the proof of Corollary 2.2, the zero solution of (1) is 
uniform-asymptotically stable. Therefore the proof is complete by 
Corollary 3.2. 
Remark. From conditions (5a) and (5b), it is induced that the zero 
solution of (2) is uniformly stable, which is a known property. 
4. BOUNDEDNESS THEOREMS 
In this section we present boundedness theorems of the differential 
equation (2). 
THEOREM 5. Let conditions (la), (lb), and (lc) hold except that 
F(t, 0) = 0, for the differential equation (2). Zf the solutions of the differential 
equation (4) are untformly bounded (bounded, uniform-ultimately bounded), 
then the solutions of (2) are also untformly bounded (bounded, untform- 
ultimately bounded ). 
Proof Let x(t) - x(t; t,, xi) be the solution of (2) and let y(t) = 
y(t; t,, y,) be the solution of (4). Let K Ilx(ti)ll <y,. Then we obtain that 
in the same way as in the proof of Theorem 1, 
IlX(f)ll < y(t), tat,. 
Since the solutions of (4) are uniformly bounded, for any p > 0, there exists 
a B,(p)>0 such that if IjiI<p, then ly(t)l<B,(p) for all tati. Thus 
set B(p) E B,(Kp). If Ilx(tl)lj <p, then take a y, >O such that 
Kllxlll -G y1 < Kp. Hence, we obtain that llx(t)ll < y(t) < B(p) for all t 2 t,, 
which completes the proof of the theorem. 
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In a way similar to that of the proof of Corollary 1, we obtain the 
following corollary [ 1, p. 341. 
COROLLARY 5. Let conditions (Id), ( le), and ( 1 c ) ho/d. Then the 
solutions of (2) are uniformly bounded. 
Next we shall give the following T(m)-boundedness definition for a 
positive real number m. 
DEFINITION 5. Let an m >O denote a positive real number. The 
solutions of the differential equation (3) are said to be T(m)-ultimately 
bounded if there exists a B > 0, and for any p > 0 and any t, 3 0, there 
exists a T( t,, p) > 0 such that 
ll.v(f) e m(r -- 11 )]I < B, t~t,+T(r,,p)providedI/?,(t,)I/<p. 
The solutions of (3) are said to be T(m)-uniform-ultimately bounded if 
the above T( t, , p) is independent of time t, 
LEMMA 8. rf the solutions of (3) are uniforml~~ bounded, then the?, urc 
T(m )-uniform-ultimately bounded. 
Proof Let a B > 0 be any fixed positive real number. Thus let any p > 0 
be given. By the assumption, there exists a j(p) > 0 such that if II y( t,)jl < p, 
then lly(t)ll <B(p) for all tat,. We assume that B < b(p). Set T(p) = 
(l/m)log(/?(p)/B). Hence if IIy(tI)ll <p, then liter ‘n”~~“‘ll <B, 
t 3 t, + T(p), which completes the proof of the lemma. 
LEMMA 9. If the solutions of (3) are umform-ultimately bounded, then 
thq,, are T( m )-uniform-ultimately bounded. 
LEMMA 10. Zf the solutions of (3) are equibounded (equiultimatel>> 
bounded), then they are T(m)-ultimately bounded. 
THEOREM 6. Let conditions (la), (lb), (2a), and (2b) hold except that 
F( t, 0) = 0, for the differential equation (2). Zf the solutions of the differential 
equation (4) are T(m)-ultimately bounded, then the solutions of (2) are 
equiultimately bounded. 
Proof Let x(t)~x(t; t,,x,) and y(t)= y(t; t,, y,) be the solutions of 
(2) and (4), respectively. Let any p,, > 0 and any t, 3 0 be given. By the 
assumption of the theorem, there exist a B > 0 and a T,(t,, pO) > 0 such 
that I j)(t) e- m(r-f~)l <B, tat, + To(t,, po) provided Iy(tl)l <po. Hence, 
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let Kemcfl) /1x1 ) < y,. Th en we obtain, in the same way as that of the proof 
of Theorem 2, that 
If Ilx(tI)ll <p, then take a y1 >O such that Kern(“) I/XII < y, < Ke”““p. 
Thus set T(t,, p) E T,(t,, Kem(“‘p). Then, 
Ilx(t)ll < y(t) e-m(r-f”< B, t b t, + T(t,, p), 
which completes the proof of the theorem. 
THEOREM 7. Let conditions (la), (lb), (2a), and (3a) hold for the 
differential equation (2). Zf the solutions of the differential equation (4) are 
T(m)-untform-ultimately bounded, then the solutions of (2) are untform- 
ultimately bounded. 
Proof Let x(t)rx(t; t,, x1) and y(t)= y(t; t,, yl) be the solutions of 
(2) and (4), respectively. Let K llxlll < y,. From the proof of Theorem 3, 
we have that Ilx(t)ll < y(t)e- mCrP”) for all t 3 t,. By the assumption that 
the solutions of (4) are T(m)-uniform-ultimately bounded, there exists a 
B>O, and for any pO>O, there exists a T(p,) >O such that 
l.v(t) e- m(‘-‘t)( < B for all t 2 t1 + T(p,) provided ( y(tl)( < pO. Now let any 
p > 0 be given. If [Ix, Ij < p, then take a y, > 0 such that K llx,ll < y, < Kp. 
Thus, 
Ilx(t)ll <y(t) e-*(‘-‘I’< B, t 2 t, + T(O), 
which completes the proof of the theorem. 
Now we need the following elementary proposition [22, p. 45 3. 
PROPOSITION 2. The zero solution of (1) is untform-asymptotically stable 
if and only tf the solutions of (1) are untform-ultimately bounded. 
As the corollaries of Theorem 7, we prove the following properties. 
COROLLARY 7.1. Let conditions (Id) and (le) hold for the differential 
equation (2). Zf the solutions of (1) are untform-ultimately bounded, then the 
solutions of (2) are also uniform-ultimately bounded. 
Proof Set F(t, u) = a( t)u, u 2 0. Then the solutions of (4) are uniformly 
bounded, which by Lemma 8 and by Theorem 7 completes the proof of the 
corollary. 
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COROLLARY 1.2. Let condition (2d) hold for the differential equation (2 1. 
If the solutions of (1) are uniform-ultimately bounded. then the solutions of‘ 
(2) are also uniform-ultimately bounded. 
Proof: Set F(t, U) E Lu, I( > 0. Since L is sufficiently small, we may 
assume that KL cm. Let y(t) = JJ( t; t,, ~1~) be the solution of (4) and let a 
B>O be any fixed positive real number. For any p > 0, we may assume 
that B < p. Now set T(p) E (l/(KL - m)) log(B/p ). Then. 
provided 1 J’, I < p, which implies that the solutions of (4) are T(M)- 
uniform-ultimately bounded. Therefore by Theorem 7, the proof of the 
corollary IS complete. 
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